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Baouendi Goulaouic , $m$ – $m’$ Fuchs
Cauchy , $\geq m-m’$
, –
\geq m-m’ , 97
9
1
$\mathrm{C}_{t}\cross \mathrm{C}_{x}^{n},$ $x=(x_{1}, \ldots, x_{n})$ , $(0,0)$ , Cauchy
: $\Omega$ $0\in \mathrm{c}_{x}^{n}$ , $P=P(t, x, Dt, D_{x})$
$m$ : $D_{t}=\partial/\partial i,$ $D_{x}=$
$(D_{1}, \ldots, D_{n})=(\partial/\partial x_{1}, \ldots , \partial/\partial x_{n})$ $P$ $\text{ }\supset \mathrm{i}$ $m-m’$ Fuchs
$P(t, x, D_{t,x}D)$ $=$ $t^{m’}D_{t}^{m}+a_{m-1}.(X)tm’-1D_{t}m-1+\cdots+a_{m-m’}.(x)D^{m}t-m’$
$+ \sum_{j=0|\leq}^{m-1}\sum_{|\rho m_{-}j}t\alpha(j)(j\rho ta, X)DtDj\beta x^{\circ}$
$0\leq m’\leq m,$ $\alpha(j)=\max\{0, j-(m-m)’+1\},$ $D_{x}\beta=$
.
$D_{1n}^{\beta\ldots\beta n}1D$
, $|\beta|=\beta_{1}+\cdots+\beta_{n}$ $a_{m-j}(x)$ $(i=1, \ldots, m’),$ $a_{j\beta}(t, x)(i=$
$0,$
$\ldots,$
$n\iota-1,$ $|\beta|\leq m-j)$ $\Omega,$ $\{t;|t|<T\}\cross\Omega$ $(T>0)$
$P_{m}(t, x, D_{t,x}\hat{D})=t^{m’}D_{t}^{m}+a_{\mathrm{m}-1}(x)tm’-1D_{t}^{m_{-}}1+\cdots+a_{m-m’}(x)D^{m}t-m’$
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$P$ Fuchsian principal part
$P$ . $\cdot$




$\lambda_{1}(x),\cdot\ldots,$ $\lambda_{m}’(x),$ $\lambda_{m+}\prime 1=0,$ $\lambda_{m’+m}2=1,$$\ldots,$ $\lambda=m-m-\prime 1$




[Baouendi-Goulaouic] $x^{*}$ $\Omega$ $\lambda\geq$
$m-m’$ $C(\lambda, x^{*})\neq 0$ , $(t, x)=(0, x^{*})$
$f(t, x)$ $x=x^{*}$ $f\mathrm{o}(x),$ $.$ . ., $f_{m-m-}\prime 1(x)$
, $(t, x)=(0, x^{*})$ $u(t, x)$ – :
$(\mathrm{I}\mathrm{V}\mathrm{P})$ $\{$
$Pu=f,$.
$D_{t}^{\lambda}u(0, x)=f\lambda(X)$ $(0\leq\lambda\leq m-m’-1)$
(IVP) :
$\bullet$ $\lambda\geq m-7n’$ $C(\lambda, 0)=0$ ,
$\lambda\geq m-m’$ $C(\lambda, x)\not\equiv \mathrm{O}$ ,





$V=$ { $x\in\Omega$ ; $\lambda\geq m-m’$ $C(\lambda,$ $x)=0$}
$\Omega$ 1 ,
$\lambda\geq m-m’$ $=\{x\in\Omega;C(\lambda_{X},)=0\}$ , $\{V_{\lambda}\}_{\lambda}\geq\dot{m}-m’$
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$\Omega$ , $V= \bigcup_{\lambda>m-m’}V_{\lambda}$
$x^{*}\in\Omega\backslash V$ , , $V$ $u$
$v$, $V$ ,
$d(x)$ $x\in\Omega$ $\partial(\Omega\backslash V.)=\partial\Omega\cup V$ $x$




$\tilde{\Omega}$ $x=0$ , $\tilde{C}$ $t$ $x$
$I(P),$ $0\leq I(P)\leq m$ ,
$I(P)$ { $P$ Fuchsian principal part $P_{m}$
Newton polygon , $P-P_{m}$
. $\cdot$
$I(P)$





$i\leq j-(m-m’)$ $a_{ij\beta}(x)\equiv 0$
j $=0,1,$ $\ldots,$ $m-1$ , $\{1, 2, \ldots\}\cross\{m-j\}$
$N_{j}(P)$ .
$(k, m-j)\in Nj(P)$
$\Leftrightarrow j+|\beta|=m$ $\beta$ $a_{k+j-(m}-m’$ ),$j,\beta(x)\not\equiv 0$
$N_{j}(P)$ $P$
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$N(P)$ $N_{0}(P),$ $N_{1}(P)$ , . . ., $N_{m-1}(P)$ , $N(P)$
$\{1, 2, \ldots\}\cross\{1, \ldots, m\}$
$I(P)= \max\{l/k;(k, l)\in N(P)\}$
, $N(P)=\emptyset$ $I(P)=0$ $0\leq$
$I(P)\leq m$






$\tilde{\Omega}$ $x=0$ , $\tilde{C}$ $t$ $x$
, $I(P)=0$ ,
$\{(t,x) ; |t|<\tilde{C}, x\in\tilde{\Omega}\backslash V\}$
Fuchs Cauchy ,
non-generic [5]
[6] , ( ) $V$
factorization
, ,





$Q(t, x, D_{t,x}D)$ $m$ $0$ Fuchs
$\mu_{r}(x)(r=1,2, \ldots, m)$
H Re $\mu_{r}(0)<0$ ,
, $\mathrm{H}\text{ }\overline{\text{ }{\rm Re}\mu r(X)<}0$
$g(t, x)$ $(t, x)=(\mathrm{O}, 0)$
$v(t, x)$ $=$ $H[g](t, x)$
$=$ $\int_{[1^{m}}0,1tS1s^{-}-\mu_{1(}x)-1\ldots(x)-1\ldots Xm\mu_{m}\mathit{9}(s1Sm’)dS1\ldots d_{S_{m}}$
$Q_{m}v=g$ – $Q_{m}$ $Q$ Fuchsian principal
part
$H[g]$ :
$H[g]= \frac{1}{m!}\sum_{\in\pi Sm}\int_{1^{0},1]}ms_{\pi}-(1)\mu 1(x)-1$ . . . $s_{\pi(m)}$$-\mu_{m}(x)-1g(S_{1}\cdots St, x)msd1\ldots ds_{m}\circ$
$S_{m}$ $.m$ $H[g]$ $\sum\pi\in s_{m}S_{\pi}^{z1}\cdots s$ )$(1)\pi(mzm$
1 $F(z)$ $\mathrm{C}_{z}^{m},$ $z=(z_{1}$ , . . . , $z_{m})$ , :




$X$ $\mathrm{C}_{p}^{m},$ $p=(p_{1}, \ldots,p_{m})$ ,
$G(P1, \ldots,p_{m})$ – , $F(z)=G(p1(z), \ldots,p_{m}(z))$
$\{F_{k}(z)\},$ $\deg F_{k}=k$ , $F_{k}$ $F$
$P$
$k$ $G_{k}(p)$ $F_{k}(z)=G_{k}(p1(z), \ldots,p_{m}(z))$
, $R>0$ $N>0$ , $|p(z)|<R\Rightarrow|z|<N$
.
$\{G_{k}(p)\}$ $|p|<R$ Cauchy ,
$G(p)$
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$k=0,1,$ $\ldots,$ $m$ ,
$H_{k}[g](t, X).=. \int_{[0,1]^{k},:}s_{1}-\mu 1(x)-1$
. . . $s_{k}^{-\mu k(x}g$)
$-.1.(s_{1}\ldots,\cdot.\cdot s_{k}t, X,)ds_{1}\cdots d:\cdot..S_{k}$
$H_{m}[g]=H[g]$ $k<m$ , $H_{k}[g]$ $x$
:
$|H_{k}[g](t,x)| \leq c_{k}\sup|_{\mathcal{T}|\leq|t|}|g(\tau,X)|$
$C_{k}$ $g$ $(t, x)$
$tD_{t}H_{k}[g]=\mu_{k}(X)Hk[g]+Hk-1[g]$
, $x$
$|(tD_{t})^{j}H[g]( \iota, x)|\leq C’\sup_{\tau||\leq|t|}|g(\tau, X)|$
$(j=0,1, \ldots, m)$
$C’$ $g$ $(t, x)$ $(tD_{t})^{j}H$
( ) , $(tD_{t})^{j}$
$(D_{t}t)^{j}$ 1, $tD_{t},$ $\ldots,$ $(tD_{t})^{j}$ , :
2 $x$ , $g$ $(t, x)$ A
$|(D_{t}t)^{j}H[g](t,X)|\leq A|g(\tau,X)||^{\sup_{\mathcal{T}1}}\leq|t|$ $(j=0,1, \ldots,m)$

















$f(t, x)=\Sigma_{\lambda=0}^{\infty}f\lambda(x)t^{\lambda},$ $u(t, x)=\Sigma_{\lambda=0^{u_{\lambda}()t}}^{\infty}X\lambda$
:
$C(0, x)u0(X)$ $=$ $f_{0}(x)$
$c(\lambda, x)u_{\lambda}$
.









${\rm Re}\lambda_{r}(0)<h\in \mathrm{N}$ $(r=1, \ldots , m)$ $Q=$
$t^{-h}Pt^{h}$ $m$ Fuchs $0$
$\mu_{r}(x)$ $\mu_{r}(x)=\lambda_{r}(x)-h$ , $r$
${\rm Re}\mu_{r}(0)<0$ $N(P)=N(Q)$




$g(t,, x)$ $t$ $x$
$V$ singular
$Qv=g$ :
$\bullet$ $x=0$ ${\rm Re}\mu_{r}(X)<0$ $(r=1,2, \ldots, m)$





3 $F(x)$ $\mathrm{C}_{x}^{n}$ $F(\mathrm{O})=0,$ $F\not\equiv \mathrm{O}$




$\beta,$ $|\beta|=m-\text{ }$ $b_{k+j,j,\beta(X}$ ) $\not\equiv 0$ ,
, $(k, m-j)\in N_{j}(Q)=Nj(P)$
$k_{j}\geq 1$ , $(k, m-j)\in NN\text{ }(Q)$ =N $(P)$ $k$
$Q_{m}-Q$ :
$Q_{m}-Q= \sum_{j=0}^{m-1}\{t^{k_{j}}Rj(\iota, X, D_{x})+tS_{j}(t, x, Dx)\}(D_{t}t)^{j}0$
$N_{j}(Q)\neq\emptyset$ ord $\mathrm{R}_{\mathrm{j}}=m-_{i}$ , $N_{j}(Q)=\emptyset$
$R_{j}=0$ $\mathrm{o}\mathrm{r}\mathrm{d}S_{j}\leq m-j-1$ , $[R_{j}, t]=[S_{j},t]=0$
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$t^{j}D_{t}^{j}$ $(D_{t}t)^{j}$ ,






$v_{0}$ $=$ $0$ ,
$v_{p+1}$ $=$ $H[g+ \sum_{j=0}^{m-1}(tR_{j}k_{j}+tS_{j})(Dt\iota)^{j}v]p$ $(p\geq 0)$
$v$ $v= \lim_{p}v_{p^{\text{ }}}$ $w_{p}=(D_{t}t)m(vp+1-V)p$
$w_{p+1}=(D_{t}t)^{m}H|^{\sum_{j=0}(}tRj+tS_{j})Gwk_{j}m-jp|$
$(p\geq 0)_{\circ}$
$\sum_{p}w_{P}$ $v= \lim_{p}$ vp $(D_{t}i)m$ topo-
logical automorphism
$|g(t, x)|\leq C_{\mathit{9}}/d(X)^{m_{g}}$ , $v_{1}=H[g]$
$C’>0,$ $a>0$ $|w_{0}(t, x)|\leq C’/d(x)^{a}$
$(t, x)=(\mathrm{O}, 0)$
, $P$ $(t, x)$ $C>0$
$|w_{p}(i, X)|\leq Cp+1_{\frac{|t|^{p}}{d(x)^{mp+a}}}$ (1)





$|G_{m-j}w_{p}(t, x)| \leq\frac{C^{p+1}}{(p+1)^{m}-j}\frac{|t|^{p}}{d(x)^{mp+a}}\mathrm{O}$ (2)
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:4 $F(x)$ $C_{x}^{n}$ U $d(x)$ $x\in U$ $U$
$x\in U$ $|F(x)|\leq 1/d(x)^{l},$ $l>0$ ,






















$|t|<\tilde{T},$ $x\in\tilde{\Omega},$ $k>0,$ $l>0$
$0<l/k\leq M$ $(k, l)$ $(t, x)$ $C_{j}^{(1)}=$
$c_{j}^{(1)}(a, M),$ $C_{j}(2)=c(j2)(a, M)$
$|t^{k_{j}}R_{j}G_{\dot{m}}-jw(t, X)|$





$|R_{jj}c_{m-}w(t, X)| \leq c(Rj)\frac{(l+a+1)_{m-j}}{(k+1)^{m-j}}\frac{|t|^{k}}{d(x)^{l+}a+m-j}\circ$
$\mathit{0}<l/k\leq M$ $(l+a+1)_{m-j}/(k+1)^{m-j}$ $(k, l)$
$\mathrm{o}\mathrm{r}\mathrm{d}S_{j}\leq m-j-1$ , $C(s_{j})$
$|SjGm-jw(t, X)|$ $\leq$ $C(S_{j}) \frac{(l+a+1)_{m}-j-1}{(k+1)^{m-j}}\frac{|t|^{k}}{d(x)^{l1}+a+m-j-}$
$\leq$ $C(S_{j}) \frac{(l+a+1)_{m}-j-1}{(k+1)^{m}-j-1}\frac{1}{k+1}\frac{|t|^{k}}{d(x)^{\iota+a+-j-}m1}\mathrm{O}$
$\mathit{0}<l/k\leq M$ $(l+a+1)_{m-j-1}/(k+1)^{m-j-1}$ $(k, l)$
$\square$
$q\geq 1$ ,










$|w_{p}(t,x)| \leq\sum_{\mathrm{p}}c^{()_{\frac{|t|^{k}}{d(x)^{\iota+a}}}}(k,\iota)\in Ik\iota p\circ$
$\{(k, l);k\geq q, l\geq mq, 0<l/k\leq m\}$
, C ) 5 2
$|w_{p+1}(t, X)|$
$\leq$ $(k, \iota)\sum_{\mathrm{p}}Ac_{kl}^{(p})\in I(\sum_{j}C_{j}’(1)\frac{|t|^{k_{j}}}{d(x)^{m-j}}+\sum^{m-1}C_{j}(2)\frac{1}{q}\frac{|t|}{d(x)^{m-1}}j=0)\frac{|t|^{k}}{d(x)\iota+a}$
$=$ $A( \sum_{j}c_{j}^{(})\frac{|t|^{k_{j}}}{d(x)^{m-j}}1+\sum^{m-1}c^{(}\frac{1}{q}j\frac{|t|}{d(x)^{m-1}}\mathrm{I}\prime c_{kl}^{(}\sum_{Il\mathrm{p}}p)\frac{|t|^{k}}{d(x)^{\iota+a}}j=02)(k,)\in$
$\leq$ $C_{3}( \sum_{j}\frac{|t|^{k_{j}}}{d(x)^{m-j}}+\frac{m}{q}’\frac{|t|}{d(x)^{m-1}})(k,\iota)\sum_{I\in \mathrm{p}}ckl(p)\frac{|t|^{k}}{d(x)^{\iota+}a}$
$\square$
$q=1,2,$ $\ldots$
$\tilde{\Omega}_{q}=\{(t, x);|t|<\tilde{C}d(x)I(Q), |t|<\frac{q}{3mC_{3}}d(x)^{m-1}, x\in\tilde{\Omega}\}$ , $\tilde{C}>0$ ,





$I(Q)= \max\{(m-j)/k_{j;}N_{j}(Q)\neq\emptyset\}$ \Rightarrow le-‘
$k_{j}I(Q)\geq m-j,$ $d(x)k_{j}I(Q)$ \leq d(x)m $\tilde{\Omega}$ , $d(x)<1$
$x\in\tilde{\Omega}$






$|w_{p}| \leq(\frac{2}{3})^{p-q}c^{q}\frac{|t|^{q}}{d(x)^{mq+}a}$ , $p\geq q$ ,




$C_{3}$ q , $\sum_{p\geq 0}W_{P}$
$\bigcup_{q\geq 1}\tilde{\Omega}_{q}=\{(t,x);|t|<\tilde{C}d(x)^{I}(Q), x\in\tilde{\Omega}\}$









$Pt^{m-m}$’ $0$ Fuchs $N(Pt^{m-m’})=N(P)$ ,
, $I(P.\iota^{m}-m’)=I(P)$
$V$ $=$ {$x;C(\lambda,$ $x)=0$ $\lambda\geq m-m’$ }
$=$ {$x;C’(\lambda,$ $x)=0$ $\lambda\geq 0$ }
$C’$ Ptm-m’ –
$0$ , \S 3 ,
[2]
References
[1] Yamane H., Nonlinear Singular First Order Partial Differential Equa-
tions Whose Characteristic Exponent Takes a Positive Integral Value,
Publ. RIMS, Kyoto Univ., $33(5)(1997)$ .
[2] Yamane H., Singularities in Fuchsian Cauchy Problems with holomor-
phic data, to appear in Publ. $RIMS_{f}$ Kyoto Univ.
[3] Baouendi $\mathrm{M}.\mathrm{S}$ . and Goulaouic G., Cauchy Problems with Characteristic
Initial Hypersurface, Comm. Pure Appl. Math., 26(1973), 455-475.
[4] Tahara H., Fuchsian type equations and Fuchsian hyperbolic equations,
Japan. J. Math., 5(1979), 245-347.
[5] Fujiie S., Singular Cauchy problems of higher order with characteristic
surface, J. Math. Kyoto Univ., 33(1993), 1-27.
92
[6] Ouchi S., Singularities of solutions of equations with noninvolutive
characteristics-I; the case of second order ffichsian equations, J. Math.
Soc. Japan, $45(2)(1993)$ , 215-251.
93
